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Quantum contextuality is usually revealed by the non-contextual inequality, which can always be associated
with an exclusivity graph. The quantum upper bound of the inequality is nothing but the Lova´sz number of
the graph. In this work, we show that if there is a Lova´sz-optimum orthogonal representation realized in the
d-dimensional complex Hilbert space, then there always exists a corresponding Lova´sz-optimum orthogonal
representation in the (2d− 1)-dimensional real Hilbert space. This in turn completes the proof that the Lova´sz-
optimum orthogonal representation for any exclusivity graph can always be realized in the real Hilbert space of
suitable dimension.
PACS numbers: 03.65.Ud, 03.67.Mn, 42.50.Xa
I. INTRODUCTION
Quantum contextuality, which is a fundamental concept in
quantum information theory, was independently discovered
by Bell [2], Kochen and Specker (KS) [1]. Contextuality is
usually revealed by the non-contextual inequality, quantum-
mechanical violation of which implies the nonexistence of the
non-contextual hidden variable models. Several important ap-
plications of contextuality have recently been found in the cer-
tification of random number [3] as well as the speeding up of
quantum algorithms [4].
Graph theory has had wide applications in information the-
ory. Very recently, Cabello, Severini and Winter (CSW) have
introduced a general graph-theoretic approach for studying
contextuality [5], this allows to show that quantum contextu-
ality is closely related to the Lova´sz number [6], an important
parameter used in optimization and information theory. For a
given noncontextuality inequality
S =
∑
i
wi〈Pi〉 ≤ α (1)
with some exclusivity relation, it can always be represented by
an exclusivity graph. The concrete way is as follows. There
is an exclusivity relation between two rank-1 projective mea-
surements Pi and Pj if they are orthogonal to each other.
There is an edge eij between two vertices i, j if and only if
Pi, Pj are exclusive. The set of all the exclusivity relations
of all Pi’s is said to be the exclusivity relation of the noncon-
textual inequality. In addition, one can associate each Pi with
a weight wi to the i-th vertex. In this way, the constructed
graph G = (V,E,W ) is called as the exclusivity graph of the
noncontextual inequality, where V is the set of vertices, E is
the set of edges and W is the set of weights. And as shown in
[5], the classical bound of S is just the independence number
α of the graph G.
It is interesting to study the maximal quantum violation
Smax for the inequality (1) as well as the optimal represen-
∗Electronic address: chenjl@nankai.edu.cn
tation for projectors Pi’s. Remarkably Ref. [5] has pointed
out that Smax is nothing but the Lova´sz number ϑ of the
graph G [6]. Correspondingly, the optimal representation for
the projectors is often called as the Lova´sz-optimum orthog-
onal representation (LOOR). Let us take the Klyachko-Can-
Biniciog˘lu-Shumovsky (KCBS) inequality [7] as an example.
The KCBS inequality is the simplest noncontextual inequality
for the three-dimensional system, in the sense that it requires
the minimal number of projective measurements.
The KCBS inequality is given by
SKCBS =
5∑
j=1
〈Pj〉 ≤ 2, (2)
where 〈Pj〉 = Tr[ρPj ], ρ is quantum state, and Pj’s are
rank-1 projective measurements with exclusivity relations:
PjPj+1 = 0 (j = 1, 2, 3, 4) and P5P1 = 0. The exclusivity
graph for the KCBS inequality is a pentagon graph, in which
the weights of all vertices are equal to 1 (see Fig. 1).
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FIG. 1: The exclusivity graph of the KCBS inequality.
It has been known that the maximal quantum violation
is SmaxKCBS = ϑ =
√
5, and the corresponding Lova´sz-
optimum orthogonal representation can be realized in the
three-dimensional real Hilbert space as
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2ρ = |ψ〉〈ψ|,
Pj = |vj〉〈vj |, (j = 1, 2, 3, 4), (3)
where
|ψ〉 = (1, 0, 0)T ,
|vj〉 = τ (1, 0, 0)T +
√
1− τ2 (0, cosϕj , sinϕj)T ,
τ =
√
1√
5
, ϕj =
2pi
5
(2j − 1), (4)
and “T ” means transpose of a matrix.
For a general exclusivity graph of noncontextual inequality,
the original Lova´sz number is defined as
ϑ(G) = max
∑
j∈V
wj(〈ψ|vj〉)2, (5)
where |ψ〉 and |vj〉, j ∈ V run over all possible real unit vec-
tors such that 〈vi|vj〉 = 0 if vertices i, j are connected. Note
that in quantum theory (QT) Smax can be always obtained for
a pure state |ψ〉 since the noncontextual inequality is linear,
and each Pj can be written as a form of |vj〉〈vj |. Then the
definition of Lova´sz number directly implies that the upper
bound of S in quantum case is just ϑ(G) if Smax is always
obtained for a set of projectors Pj in a real Hilbert space of
suitable dimension.
Quantum theory and quantum information theory are based
on the Hilbert space. It has been claimed that “...Taken into
account that the maximum value of S in QT is always ob-
tained for a quantum pure state |ψ〉 and a set of projectors Πi
in a real Hilbert space of suitable dimension” [5], namely, the
Lova´sz-optimum orthogonal representation can be always re-
alized in the real Hilbert space. To our knowledge, a detailed
proof for the claim has not been given in the literature. The
purpose of this paper to provide such a proof.
The paper is organized as follows. In Sec. II, we study
the exclusivity graph originated from the work of Bengtssona,
Blanchfielda, and Cabello (BBC), the BBC-21-Ray [8], in
which the vectors |vj〉’s have been given by the complex unit
vectors. This in turn provides the first example for a nontriv-
ial realization of the LOOR in the complex Hilbert space, and
also arises immediately a natural question: for BBC-21-Ray,
can one realize its LOOR in the real Hilbert space of suitable
dimension (as the claim mentioned above)? The answer is
positive. In Sec. III, we discuss the relation between ϑc(G)
and ϑ(G), which are the Lova´sz numbers in terms of complex
and real unit vectors, respectively. In Sec. IV and Sec. V, we
give two procedures to construct a real LOOR from a com-
plex one. The first procedure is in the operator perspective
while the second one is in the vector perspective. Conclusion
is made in the last section.
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FIG. 2: The exclusivity graph of BBC-21-ray.
II. BBC-21-RAY AND ITS LOOR
The noncontextual inequality of BBC-21-Ray is given by
[8]
SBBC = 3
9∑
j=1
〈Pj〉+ 5
21∑
j=10
〈Pj〉 ≤ 27 (6)
where Pj’s satisfy the exclusivity relation as shown in its ex-
clusivity graph (see Fig.2). The 21 complex unit vectors |vj〉’s
are as follows:
1√
2
(0, 1,−1)T , 1√
2
(1, 0,−1)T , 1√
2
(1,−1, 0)T ,
1√
2
(0, 1,−e− 2ipi3 )T , 1√
2
(1, 0,−e− 2ipi3 )T , 1√
2
(1,−e− 2ipi3 , 0)T ,
1√
2
(0, 1,−e 2ipi3 )T , 1√
2
(1, 0,−e 2ipi3 )T , 1√
2
(1,−e 2ipi3 , 0)T ,
(1, 0, 0)T , (0, 1, 0)T , (0, 0, 1)T , (1, 1, 1)T /
√
3,
1√
3
(1, 1, e
2ipi
3 )T , 1√
3
(1, 1, e−
2ipi
3 )T , 1√
3
(1, e−
2ipi
3 , 1)T ,
1√
3
(1, e−
2ipi
3 , e
2ipi
3 )T , 1√
3
(1, e−
2ipi
3 , e−
2ipi
3 )T , 1√
3
(1, e
2ipi
3 , 1)T ,
1√
3
(1, e
2ipi
3 , e
2ipi
3 )T , 1√
3
(1, e
2ipi
3 , e−
2ipi
3 )T . (7)
Originally, BBC-21-Ray was proposed to develop a state-
independent noncontextuality (SIC) inequality for a qutrit (a
three-dimensional quantum system). This inequality holds for
any noncontextual theory, while the upper bound of S is
SmaxBBC = 29 (8)
holds for any state of a qutrit. In addition, the Lova´sz number
of the graph can be computed as ϑ(G) = 29 by using the
semidefinite programming, thus SmaxBBC = ϑ(G) = 29.
Let us generalize a little bit the Lova´sz number in terms of
complex unit vectors as:
ϑc(G) = max
∑
j∈V
wj |〈ψ|vj〉|2, (9)
3where |ψ〉 and |vj〉, j ∈ V run over all possible complex unit
vectors such that 〈vi|vj〉 = 0 if vertices i, j are connected.
By choosing ρ = |ψ〉〈ψ|, |ψ〉 = (1, 0, 0)T , and the complex
vectors |vj〉’s in Eq. (7), one immediately has
SmaxBBC = ϑc(G) = ϑ(G) = 29, (10)
and automatically obtains a complex realization of LOOR in
the Hilbert space.
Here, we would like to address that, the BBC-21-Ray graph
indeed can have a real realization of LOOR in the Hilbert
space by performing the procedures in Sec. III or Sec. IV.
The real LOOR can be realized in 2 × 3 − 1 = 5 dimension.
The result is |ψ〉 = (1, 0, 0, 0, 0)T and |vj〉’s are as follows
(
0, 1√
2
, −1√
2
, 0, 0
)T
,
(
1√
2
, 0, −1√
2
, 0, 0
)T
,
(
1√
2
, −1√
2
, 0, 0, 0
)T
,(
0, 1√
2
, 1
2
√
2
, 0,
√
3
2
√
2
)T
,
(
1√
2
, 0, 1
2
√
2
, 0,
√
3
2
√
2
)T
,(
1√
2
, 1
2
√
2
, 0,
√
3
2
√
2
, 0
)T
,
(
0, 1√
2
, 1
2
√
2
, 0, −
√
3
2
√
2
)T
,(
1√
2
, 0, 1
2
√
2
, 0, −
√
3
2
√
2
)T
,
(
1√
2
, 1
2
√
2
, 0, −
√
3
2
√
2
, 0
)T
,
(1, 0, 0, 0, 0)T , (0, 1, 0, 0, 0)T , (0, 0, 1, 0, 0)T ,(
1√
3
, 1√
3
, 1√
3
, 0, 0
)T
,
(
1√
3
, 1√
3
, −1
2
√
3
, 0, 12
)T
,(
1√
3
, 1√
3
, −1
2
√
3
, 0, −12
)T
,
(
1√
3
, −1
2
√
3
, 1√
3
, −12 , 0
)T
,(
1√
3
, −1
2
√
3
, −1
2
√
3
, −12 ,
1
2
)T
,
(
1√
3
, −1
2
√
3
, −1
2
√
3
, −12 ,
−1
2
)T
,(
1√
3
, −1
2
√
3
, 1√
3
, 12 , 0
)T
,
(
1√
3
, −1
2
√
3
, −1
2
√
3
, 12 ,
1
2
)T
,(
1√
3
, −1
2
√
3
, −1
2
√
3
, 12 ,
−1
2
)T
. (11)
Then
3
9∑
j=1
|vj〉〈vj |+ 5
21∑
j=10
|vj〉〈vj |
=

29 0 0 0 0
0 774 0 0 0
0 0 17 0 0
0 0 0 394 0
0 0 0 0 12
 , (12)
this yields directly ϑ(G) = 29.
Remark 1.— The 21 complex unit vectors |vj〉’s in Eq. (7)
cannot be rotated to 21 real unit vectors simultaneously by a
general unitary transformation. This implies that the realiza-
tion of the complex vectors together with the complex LOOR
are nontrivial.
Remark 2.— The maximal eigenvalue of the matrix in the
right-hand side of Eq. (12) is still 29 implies the set of |ψ〉
and |vj〉’s is indeed a LOOR in the real Hilbert space. How-
ever, the other eigenvalues are less than 29 implies that the
inequality (6) is no longer an SIC inequality in 5-dimensional
Hilbert space. Thus, the complex Hilbert space is still needed
if we want to keep some special properties of the inequality,
like state-independent noncontextuality [9–12].
III. ϑc(G) VERSUS ϑ(G)
For convenience, let’s firstly list some symbol assumptions:
1. xr, xi is the real part and the imaginary part of x =
xr + ixi respectively for x is a number, a vector or a
matrix.
2. A ·B means TrAHB where A,B are two matrices.
3. A  0 means that A is a positive semidefinite matrix.
4. Rn×n is the set of real n× n dimensional matrices.
5. Cn×n is the set of complex n×n dimensional matrices.
To prove that upper bound of S in quantum case is the
Lova´sz number is equivalent to prove
ϑc(G) = ϑ(G). (13)
It’s obvious that ϑc(G) ≥ ϑ(G), we also need to show that
ϑc(G) ≤ ϑ(G) for any graph G.
It has been prove that [6]
ϑ(G) = max
X
J ·X
s.t. I ·X = 1,
Jij ·X = 0, (i, j) ∈ E,
X  0, X ∈ Rn×n, (14)
where J is a matrix full of 1 while Jij is the matrix whose
i-rule j-column element is 1 and the rest are 0.
It can be proven that ϑc(G) ≤ ϑ′c(G), where
ϑ′c(G) = max
X
J ·X = max
X
J ·Xr
s.t. I ·X = 1,
Jij ·X = 0, (i, j) ∈ E,
X  0, X ∈ Cn×n. (15)
The proof is as follows. If the set of complex unit vec-
tors |d〉 and |vi〉’s is an optimal solution, that is, ϑc(G) =∑n
i=1 |〈d|vi〉|2. Then it’s directly to see that the set of com-
plex unit vectors U |d〉 and U |vi〉’s is also optimal. With-
out loss of generality, we can always assume that |d〉 =
(1, . . . , 1)/
√
n. Denote X as the matrix such that xij =
〈vi|vj〉/n. One can check that X satisfies the conditions in
Eq. (15), and J ·X = ∑ni=1 |〈d|vi〉|2 = ϑc(G) ≤ ϑ′c(G).
Define
ϑ′′c (G) = max
X
J ·Xr
s.t. I ·Xr = 1,
Jij ·Xr = 0, (i, j) ∈ E,
Xr  0, X ∈ Cn×n. (16)
Since maxX J ·X = maxX J ·Xr, I ·X = I ·Xr, Jij ·X = 0
implies Jij ·Xr = 0 and Xr  0 is necessary for X  0, so
ϑ′c(G) ≤ ϑ′′c (G). On the other hand, it’s directly to see that
4ϑ′′c (G) ≤ ϑ(G) because Xr  0, Xr ∈ Rn×n is necessary
for Xr  0, X ∈ Cn×n.
After all, ϑc(G) ≤ ϑ(G). Thus ϑc(G) = ϑ(G), which im-
plies the quantum upper bound of the noncontextual inequal-
ity equals to the original Lova´sz number.
Remark 3.— For the general noncontextual inequality (1),
whose weights maybe not are all 1’s, then its exclusivity graph
is the weighted graph. We can change the maximized object
J · X to W · X , where wij = √wiwj . And the rest of the
proof is same. On the other hand, we can give two proce-
dures to construct a real optimal solution (the LOOR realized
in the real Hilbert space) from a complex one, which shows
ϑc(G) = ϑ(G) from another point of views. One procedure
is in the operator perspective while the other one is in the vec-
tor perspective.
IV. PROJECTOR CONSTRUCTION PROCEDURE
Assume the set of pure state ρ = |ψ〉〈ψ| and rank-1 pro-
jectors Pi = |vi〉〈vi|’s is an optimal complex solution for the
inequality S =
∑
i wi〈Pi〉 ≤ α, that is, ϑ =
∑
i wiTr[Pi · ρ].
Then the first step to construct a real optimal solution is con-
structing real projector Qi’s such that
Qi =
[
P ri −P ii
P ii P
r
i
]
. (17)
It’s easy to find that Qi’s are rank-2 projectors and Qi ·Qj =
0 if Pi · Pj = 0. What’s more, we claim that the maximal
eigenvalue of
∑
i wiQi is the same as
∑
i wiPi, that is, the
Lova´sz number. Let’s denote
λIn −
∑
i
wiPi = A+ iB, (18)
then
λI2n −
∑
i
wiQi =
[
A −B
B A
]
. (19)
The claim is implied by the following lemma.
Lemma 1 A,B are two n×n dimensional real matrice. Then
A+ iB  0 if and only if
[
A −B
B A
]
 0.
PROOF Denote V =
[
1 i
−i 1
]
⊗In, then V is a positive definite
Hermite matrix. So,[
A −B
B A
]
 0 ⇔ V
[
A −B
B A
]
V = 2V ⊗ (A+ iB)  0
⇔ A+ iB  0. (20)
Till now, we have constructed the real rank-2 projectors
from the complex ones. We continue to construct the real
rank-1 projectors based on the rank-2 ones in the next step.
Let’s denote
ρ˜ =
1
2
[
ρr −ρi
ρi ρr
]
, (21)
directly calculation shows that
ρ˜ ·
∑
i
wiQi = ρ ·
∑
i
wiPi = ϑ, (22)
which means the rank-2 mixed state ρ˜ is optimal. If we choose
a rank-1 decomposition of ρ˜ = ρ˜1+ρ˜2, then ρ˜1, ρ˜2 are all opti-
mal. And we can always decomposeQi into rank-1 projectors
Q1i , Q
2
i such that ρ˜1 ·Q2i = 0. Then
ρ˜1 ·
∑
i
wiQ
1
i = ρ˜
1 ·
∑
i
wiQi = ϑ, (23)
and Q1i · Q1j = 0 if Qi · Qj = 0. It’s easy to find that Q1i =
Qiρ˜
1Qi/(ρ˜
1 ·Qi), Q2i = Qi −Q1i is such a construction.
After all, the set of ρ˜1 and Q1i ’s is the real rank-1 optimal
solution for the quantum case.
V. VECTOR CONSTRUCTION PROCEDURE
We go on to give the vector construction procedure, which
is essentially equivalent to the projector one.
Assume the set of d dimensional unit vectors |ψ〉 and |vi〉’s
is an optimal compelx solution, that is, ϑ =
∑
i wi|〈ψ|vi〉|2.
Then the construction procedure is as following.
The first step is to find a basis |1〉, |2〉, . . . , |d〉 such
that |ψ〉 = |1〉. The second step is to construct |ui〉 as
|ui〉 = e−iαi |vi〉, where αi is such an angle that 〈ψ|vi〉 =
eiαi |〈ψ|vi〉|. Since 〈ψ|ui〉 = 〈ψ|uri 〉 + i〈ψ|uii〉 ≥ 0, 〈ψ|uii〉
will always be 0.
The third step is mapping any |v〉 = ∑di=1 ci|i〉 to the 2d-
dimensional vector
M(|v〉) =
d∑
i=1
[cri |i〉|1〉+ cii|i〉|2〉]. (24)
Denote |φ〉 = M(|ψ〉), |ωi〉 = M(|vi〉) for i ∈ V , and
Sr =
∑
i wi(〈φ|ωi〉)2, then we can check that
Sr =
∑
i
wi(〈ψ|uri 〉)2 =
∑
i
wi(〈ψ|ui〉)2
=
∑
i
wi|〈ψ|e−iαi |vi〉|2
=
∑
i
wi|〈ψ|vi〉|2 = ϑ. (25)
And the exclusivity relations
〈ωi|ωj〉 = 〈uri |urj〉+ 〈uii|uij〉 = (〈ui|uj〉)r = 0. (26)
Denote |ϕ〉 = |ψ〉|2〉, then 〈φ|ϕ〉 = 0 and
〈ϕ|ωi〉 = 〈ψ|uii〉 = 0, (27)
5which means |ωi〉’s and |ψ〉 are in a (2d−1)-dimensional sub-
space. Thus, we can reduce the 2d-dimensional unit vectors
|φ〉 and |ωi〉’s to (2d− 1)-dimensional ones without changing
the exclusivity relations and Sr = ϑ(G).
Till now, we have completed the vector procedure and the
real unit vectors for the BBC-21-Ray as shown in Eq. (11)
have been successfully constructed by these two procedures.
VI. CONCLUSION
In conclusion, we have proved in detail that the Lova´sz-
optimum orthogonal representation for any exclusivity graph
can be realized in the real Hilbert space of suitable dimension.
Explicitly, if there is a Lova´sz-optimum orthogonal represen-
tation realized in the d-dimensional complex Hilbert space,
then there always exists a corresponding Lova´sz-optimum
orthogonal representation in the (2d − 1)-dimensional real
Hilbert space. Very recently, a general set of SIC has been de-
veloped for a single qutrit [12], in which there are (3+3k+k2)
complex rays that involve the BBC-21-Ray as a special case.
The real as well as the complex Lova´sz-optimum orthogonal
representation could be obtained accordingly, which we shall
investigate subsequently.
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